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Will the subprocesses ρ(770, 1450)0 → K+K− contribute large branching
fractions for B± → pi±K+K− decays?
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Institute of Theoretical Physics, Shanxi University, Taiyuan, Shanxi 030006, China
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We analyze the quasi-two-body decays B+ → pi+ρ(770, 1450)0 → pi+K+K− in the perturbative
QCD approach. The results in this work do not support that large branching fractions contributed
by the resonances ρ(770, 1450)0 in the B± → pi±K+K− decays. The virtual contribution for
K+K− from the tail of the resonance ρ(770)0 which has been ignored in the experimental studies
is about 1.5 times of the ρ(1450)0 → K+K− contribution, with the predicted branching fractions
Bv = (1.31± 0.27) × 10
−7 and B = (8.96± 2.61) × 10−8, respectively, for these two subprocesses in
the B± → pi±K+K− decays. The absence of ρ(770)0 → K+K− for the decay amplitude of a three-
body hadronic B decay involving charged kaon pair could probably result in a larger proportion for
the contribution from the resonance ρ(1450)0 in experimental analysis.
PACS numbers: 13.20.He, 13.25.Hw, 13.30.Eg
I. INTRODUCTION
Strong dynamics in the charmless three-body hadronic
B meson decays is related to the short-distance pro-
cesses like in the two-body cases, and it also involves the
hadron-hadron interactions, the three-body effects [1, 2]
and the rescattering processes [3, 4] in the final states. In
experimental studies, the strong interactions along with
the weak processes of a three-body B meson decay are
always described in its decay amplitude as the coherent
sum of the resonant and nonresonant contributions in
the isobar formalism [5–7]. The isobar expression with
or without certain resonances will certainly have impacts
on the fit fractions, and then influence the observables
such as the branching ratios and CP violations for the
resonant and the nonresonant contributions of the three-
body process in view of the explicit distribution of the
experimental events in the Dalitz plot [8].
Very recently, LHCb Collaboration presented a surpris-
ing large fit fraction (30.7±1.2±0.9)% of the total three-
body result in [9] for the subprocess ρ(1450)0 → K+K−
in the amplitude analysis of the B± → π±K+K− decays.
Considering the branching fraction (5.2± 0.4)× 10−6 for
B+ → K+K−π+ in the Review of Particle Physics [10]
which was averaged from the results (5.38±0.40±0.35)×
10−6 in [11] provided by Belle and (5.0±0.5±0.5)×10−6
in [12] presented by BaBar, one has the branching frac-
tion (1.60 ± 0.15) × 10−6 for the quasi-two-body decay
B+ → π+ρ(1450)0 → π+K+K− from LHCb’s fit frac-
tion. While the contributions of B± → π±ρ(1450)0
were found quite small in the ρ0 dominant decay modes
B± → π±π+π− in [13, 14] by LHCb recently.
The resonance contributions for the charged kaon pair
in the three-body decays B± → π±K+K− are asso-
ciated with the low energy scalar, vector and tensor
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states, such as f0(980), φ(1020), f
′
2(1525), etc., which
have been noticed in [15–18], while the contributions for
K+K− also come from the P -wave resonances ρ(770),
ω(782) and their excited states [19, 20]. The natural
mode for ρ(770)0 decays into K+K− is blocked because
of its pole mass which is below the threshold of kaon
pair, but the virtual contribution [21, 22] from the tail
of the Breit-Wigner (BW) formula [23] of ρ(770) could
be indispensable for K+K− in the B± → π±K+K− de-
cays, which could be deduced from the works for the pro-
cesses of π−p → K−K+n and π+n → K−K+p [24, 25],
e+e− → K+K− [26–30] and ππ → KK¯ scattering [31].
We shall analyze the ρ(770, 1450)0 → K+K− con-
tributions for the three-body decays B± → π±K+K−
with the quasi-two-body framework based on the per-
turbative QCD (PQCD) approach [32–35]. The final
state interaction effect was found to be suppressed for
the ρ0 → K+K− process [36] and will be neglected in
the calculation in this work. For the quasi-two-body de-
cays B± → π±ρ0 → π±K+K−, the intermediate states
ρ(770)0 and ρ(1450)0 are generated in the hadronization
of the light quark-antiquark pair qq¯, with q=(u, d), as
demonstrated in the Fig. 1, in which the factorizable and
nonfactorizable diagrams have been merged for the sake
of simplicity and Fig. 1 (b) and (d) will generate differ-
ent decay amplitudes because of the different position of
the bachelor and the intermediate states. The subpro-
cesses ρ(770, 1450)0 → K+K−, which can not be calcu-
lated in the PQCD approach, could be introduced into
the distribution amplitudes of the kaon pair system by
the time-like form factor of kaon. The quasi-two-body
framework based on PQCD approach has been discussed
in detail in [37], and has been adopted in some works for
the quasi-two-body B meson decays [38–43] recently.
This paper is organized as follows: In Sec. II, we briefly
review the electromagnetic time-like form factor for the
charged kaon, we introduce the P -wave K+K− system
distribution amplitudes and give the expression of dif-
ferential branching fractions for the quasi-two-body de-
2FIG. 1. Feynman diagrams for the processes B+ → pi+ρ0 → pi+K+K−, with ⊗ is the weak vertex, × denotes possible
attachments for the hard gluons and the rectangle represents the resonance ρ(770)0 and its excited states.
cays B± → π±ρ0 → π±K+K−. In Sec. III, we provide
numerical results for the concerned decay processes and
give some necessary discussions. The conclusions are pre-
sented in Sec. IV.
II. FRAMEWORK
In the light-cone coordinates, the momentum pB and
the light spectator quark’s momentum kB for B
+ are
defined as
pB =
mB√
2
(1, 1, 0T), kB =
(
mB√
2
xB , 0, kBT
)
, (1)
in the rest frame of B meson, where mB is the mass of
B+. The resonance ρ has the momentum p = mB√
2
(η, 1, 0),
with η = s/m2B and s = p
2, its spectator quark got the
momentum k = (0, mB√
2
z, kT). For the bachelor final state
pion and its spectator quark, the momenta p3 and k3 have
the definitions
p3 =
mB√
2
(1 − η, 0, 0T), k3 =
(
mB√
2
(1− η)x3, 0, k3T
)
.(2)
The xB, x3 and z are the momentum fractions which run
from zero to one in the calculation.
The time-like form factor FK for the charged kaon is
related to the electromagnetic form factor and defined
by [44]
〈K+(p1)K−(p2)|jemµ |0〉 = (p1 − p2)µ FK(s), (3)
with the squared invariant mass s = (p1 + p2)
2 for kaon
pair and the constraint FK(0) = 1. The electromag-
netic current jemµ =
2
3 u¯γµu − 13 d¯γµd − 13 s¯γµs is car-
ried by the light quarks [45]. With the BW formula for
the resonances ω and φ and the Gounaris-Sakurai (GS)
model [46] for ρ, we have the time-like form factor [44]
FK(s) =
1
2
∑
ρ
cKρ GSρ(s) +
1
6
∑
ω
cKω BWω(s)
+
1
3
∑
φ
cKφ BWφ(s), (4)
where the
∑
means the summation of the resonances ρ, ω
or φ and their corresponding excited states, the explicit
expressions and auxiliary functions for BW and GS are
referred to Refs. [46, 47]. The parameters cKρ(ω,φ) have
been fitted to the data in Refs [44, 48, 49].
For the concerned subprocesses ρ(770, 1450)0 →
K+K−, the P -wave K+K− system distribution ampli-
tudes are organized into [50]
φP -waveKK (z, s) =
−1√
2Nc
[√
s ǫ/Lφ
0(z, s) + ǫ/Lp/φ
t(z, s)
+
√
sφs(z, s)
]
. (5)
The momentum p = p1 + p2, and ǫL is the longitudi-
nal polarization vector for the resonances. We have the
distribution amplitudes as [37]
φ0(z, s) =
3F ρK(s)√
Nc
z(1− z)
[
1 + a02C
3/2
2 (1− 2z)
]
, (6)
φt(z, s) =
3F tK(s)
2
√
Nc
(1− 2z)2
[
1 + at2C
3/2
2 (1− 2z)
]
, (7)
φs(z, s) =
3F sK(s)
2
√
Nc
(1− 2z) [1 + as2 (1− 10z + 10z2)],(8)
where the F ρK is the ρ term of Eq. (4), the Gegenbauer
polynomial C
3/2
2 (χ) = 3
(
5χ2 − 1) /2. The Gegenbauer
moments a02 = 0.25 ± 0.10, at2 = −0.60 ± 0.20 and
as2 = 0.75±0.25 which are the same as they in [37] for the
intermediate state ρ. For the subprocess ρ0 → K+K−,
we adopt F s,tK (s) ≈ (fTρ /fρ)F ρK(s) as in [37] for the chan-
nel ρ0 → π+π−.
One has the differential branching fractions (B) for the
quasi-two-body decays B± → π±ρ0 → π±K+K− as [22,
51, 52]
dB
dη
= τB
|−→qpi |3|−→qK |3
12π3m5B
|A|2, (9)
where τB being the B meson mean lifetime. It should be
noted that the Eqs. (6)-(8) and Eq. (9) are slightly dif-
ferent from the corresponding expressions in [37]. These
differences are caused by the introduction of the Zemach
tensor −2−→qpi ·−→qK [53] in this work as did in Refs. [51, 52],
this tensor is employed to describe the angular distribu-
tion for the decay of spin 1 resonances. The magnitudes
of the kaon and pion momenta |−→qK | and |−→qpi | are written,
in the center-of-mass frame of the kaon pair, as
|−→qK | = 1
2
√
s− 4m2K , (10)
|−→qpi | = 1
2
√
s
√
(m2B −m2pi)2 − 2 (m2B +m2pi) s+ s2, (11)
3with the pion mass mpi and the kaon mass mK .
The decay amplitudes A for the quasi-two-body de-
cays B+ → π+ρ(770, 1450)0 → π+K+K− dependent
only on the quark structures of the hadronic matrix ele-
ments for B+ to π+ρ(770, 1450)0 transitions and have the
same expressions as the decaysB+ → π+ρ(770, 1450)0 →
π+π+π− in [40, 41] except the replacement of the form
factor Fpi → FK . The amplitudes in A according to the
diagrams in Fig. 1 could be found in the Appendix of [37].
III. RESULTS
In the numerical calculation, we adopt the decay con-
stant fB = 0.189 GeV [54] and the mean lifetime τ =
(1.638 ± 0.004) × 10−12 s [10] for the B+ meson. The
masses and the decay constant fpi for the relevant par-
ticles in the numerical calculation in this work, the full
widths for ρ(770) and ρ(1450), and the Wolfenstein pa-
rameters of the CKM matrix are presented in Table I.
TABLE I. Masses, decay constant fpi, full widths of ρ(770)
and ρ(1450) (in units of GeV) and Wolfenstein parame-
ters [10].
mB± = 5.279 mpi± = 0.140 mK± = 0.494
mρ(770) = 0.775 mρ(1450) = 1.465 fpi = 0.131
Γρ(770) = 0.149 Γρ(1450) = 0.400 ± 0.060
λ = 0.22453 ± 0.00044 A = 0.836 ± 0.015
ρ¯ = 0.122+0.018−0.017 η¯ = 0.355
+0.012
−0.011
The ratio between the fTρ and fρ for ρ(770) has
been computed in lattice QCD, we choose the result
fTρ /fρ = 0.687 at the scale µ = 2 GeV [55] for our nu-
merical calculation. The decay constant fρ for ρ(770)
can be extracted from the processes τ− → ρ−ντ and
ρ0 → e+e−, we take the value 0.216 GeV [56]. The
cKρ(770) was fitted to be 1.139 ± 0.010 and 1.195 ± 0.009
with the unconstrained and constrained fit procedure
in [44], respectively, which are consistent with the val-
ues 1.138 ± 0.011 and 1.120 ± 0.007 in [48]. We em-
ploy the result 1.139± 0.010 for the quasi-two-body de-
cay B+ → π+ρ(770)0 → π+K+K−. As for the cK for
ρ(1450), we adopt the value −0.124± 0.012 [44] for the
subprocess ρ(1450)0 → K+K−, which is close to the con-
strained fit result−0.112 ± 0.010 in [44] and the uncon-
strained fit result −0.107 ± 0.010 in [48]. We need to
stress that different choices for cKρ(770) and c
K
ρ(1450) with
the values in [44, 48] can not significantly change the nu-
merical results and will not change our conclusions in this
work.
Utilizing the differential branching fractions the
Eq. (9), we have the branching fractions
B(B± → π±ρ(1450)0 → π±K+K−)
=
(
8.96± 1.58(as2 + a02 + at2)± 0.83(ωB)
± 0.79(mpi0 + api2 )± 1.73(cKρ(1450))
)× 10−8, (12)
Bv(B± → π±ρ(770)0 → π±K+K−)
=
(
1.31± 0.22(as2 + a02 + at2)± 0.12(ωB)
± 0.11(mpi0 + api2 )± 0.02(cKρ(770))
)× 10−7. (13)
The subscript v for B of B± → π±ρ(770)0 → π±K+K−
means the virtual contribution [21, 22] which is inte-
grated of the Eq. (9) from the threshold of kaon pair.
The first error for the two branching fractions above
comes from the uncertainty of the Gegenbauer moments
as2, a
0
2 and a
t
2 in the K
+K− system distribution ampli-
tudes, the second error is induced by the shape parameter
ωB = 0.40± 0.04 for B+, the third one is contributed by
the chiral mass mpi0 = 1.40 ± 0.10 GeV and the Gegen-
bauer moment api2 = 0.25 ± 0.15 for pion and the fourth
one due to the variation of cK in the form factor FK .
There are other errors come from the uncertainties of
the Wolfenstein parameters of the CKM matrix, the pa-
rameters in the distribution amplitudes of bachelor pion,
the masses and the decay constants of the initial and final
states, etc. are small and have been neglected.
From the fit fractions in [9], one has a branching frac-
tion B ≈ (1.60 ± 0.15) × 10−6 for the quasi-two-body
decay B+ → π+ρ(1450)0 → π+K+K−, which is about
18 times larger than the PQCD prediction shown in
Eq. (12). The value (1.60 ± 0.15) × 10−6 is close to
the result B = 1.4+0.6−0.9 × 10−6 for the decay B+ →
ρ(1450)0π+ with ρ(1450)0 → π+π− from BaBar Collab-
oration [10, 57]. Recently, in the amplitude analysis of
the B+ → π+π+π− decay, LHCb Collaboration provided
a CP -averaged fit fraction (5.2±0.3±0.2±1.9)% [13, 14]
for the ρ(1450)0 component with the isobar model, im-
plying a branching ratio B = (7.9 ± 3.0) × 10−7 for the
quasi-two-body process B+ → π+ρ(1450)0 → π+π+π−
with the data B = (1.52± 0.14)× 10−5 [10] for the three-
body B+ → π+π+π− decay. With the same expressions
for B+ → π+ρ(1450)0 → π+K+K− but the subprocess
ρ(1450)0 → π+π−, we have the prediction
B(B± → π±ρ(1450)0 → π±π+π−)
=
(
9.97± 1.81(as2 + a02 + at2)± 0.98(ωB)
± 0.91(mpi0 + api2 )
)× 10−7, (14)
which agree with the results (7.9 ± 3.0) × 10−7 and
1.4+0.6−0.9 × 10−6.
From the predictions for the quasi-two-body de-
cays B± → π±ρ(1450)0 → π±K+K− and B± →
π±ρ(1450)0 → π±π+π− in this work, we have the ra-
tio Rρ(1450) between their branching fractions as
Rρ(1450) =
B(ρ(1450)0 → K+K−)
B(ρ(1450)0 → π+π−) = 0.090± 0.017,(15)
4with the factorization relation Γ(B± → ρ0π± →
h+h−π±) ≈ Γ(B+ → ρ0π±)B(ρ0 → h+h−), here h =
(π,K). The only error for Rρ(1450) comes from the
uncertainty of cKρ(1450) because of the cancellation be-
tween the other errors of the two branching fractions
in Eq. (12) and Eq. (14). That is to say, the increase
or the decrease of the parameters that caused the errors
will result in nearly identical change of the weight for
the numerator and denominator of Rρ(1450). The ratio
Rρ(1450) can also be estimated from the coupling con-
stants gρ(1450)0pi+pi− and gρ(1450)0K+K− . With the rela-
tion gρ(1450)0K+K− ≈ 12gρ(1450)0pi+pi− [44] one has
Rρ(1450) =
B(ρ(1450)0 → K+K−)
B(ρ(1450)0 → π+π−)
≈
g2ρ(1450)0K+K−(m
2
ρ(1450) − 4m2K)3/2
g2ρ(1450)0pi+pi−(m
2
ρ(1450) − 4m2pi)3/2
= 0.107. (16)
This value is consistent with the result in Eq. (15).
The ratio Rρ(1450) has been measured by BaBar Col-
laboration with the result
Rρ(1450) =
B(ρ(1450)0 → K+K−)
B(ρ(1450)0 → π+π−)
= 0.307± 0.084(stat)± 0.082(sys). (17)
in the Dalitz plot analyses of J/ψ → π+π−π0 and
J/ψ → K+K−π0 decays in Ref. [58]. This result is
quite large comparing with the values in Eqs. (15)-
(16). But one should note that the virtual contribu-
tion of ρ(770)0 → K+K− has been ignored for the
channel J/ψ → K+K−π0 in [58]. We argue that the
large value for Rρ(1450) from BaBar could be understood
as that the virtual contribution of ρ(770)0 for K+K−
has probably been taken into account for the process
ρ(1450)0 → K+K−.
The virtual contribution forK+K− from the tail of the
resonance ρ(770)0, which has not been taken into the de-
cay amplitudes of B± → π±K+K− and other charmless
three-body B meson decays involving kaon pair in the
experimental studies, is about 1.5 times of the contribu-
tion from ρ(1450)0 for the charged kaon pair as shown
in Eq. (13) for the branching fractions. The predicted
result (1.31± 0.27) × 10−7 is roughly 2.5% of the total
branching fraction of the corresponding three-body de-
cay and larger than the fit fraction (0.3 ± 0.1 ± 0.1)%
in the same channel for φ(1020) in [9], and should not
be ignored in the studies of the three-body decays like
B± → π±K+K−. The large virtual contribution of
ρ(770)0 for the charged kaon pair is mainly due to its
large decay width which result in a relative dispersive dis-
tribution of the differential branching fraction as shown
in Fig. 2, where the red short dash line is for the decay
B± → π±ρ(1450)0 → π±K+K−, the blue dash-dot line
is for the process B± → π±ρ(770)0 → π±K+K− and the
black solid line is for B± → π±(ρ(770)0 + ρ(1450)0) →
π±K+K−.
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FIG. 2. The differential branching fractions for the quasi-
two-body decays B± → pi±ρ(770)0 → pi±K+K−, B± →
pi±ρ(1450)0 → pi±K+K− and B± → pi±(ρ(770)0 +
ρ(1450)0)→ pi±K+K−.
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FIG. 3. The differential branching fractions for B± →
pi±(ρ(770)0 + ρ(1450)0) → pi±K+K− with the phases θK =
{0, 0.5pi, pi, 1.3pi, 1.5pi}.
In Fig. 2, the peak of the differential branching frac-
tion for B± → π±ρ(1450)0 → π±K+K− is around the
pole mass of the ρ(1450) resonance as expected. There is
also a bump at about 1.35 GeV of the invariant mass of
kaon pair for the process B± → π±ρ(770)0 → π±K+K−.
This bump is generated by the the tail of the BW formula
for ρ(770) along with the phase space factors −→qK and −→qpi
in the Eqs. (10)-(11). When we investigate the total con-
tributions from ρ(1450)0 plus ρ(770)0, the bump from
ρ(770)0 will disappear and an enhanced peak around 1.4
GeV is the only one existed as shown by the solid line
in Fig. 2. This makes us conclude that the absence of
the virtual contribution from ρ(770)0 for the decay am-
plitudes of B± → π±K+K− could probably enhance the
experimental result for the K+K− from the resonance
ρ(1450)0.
In principle, the interference between ρ(770)0 and
ρ(1450)0 can increase or decrease the total contributions
from these two resonances. Then we adopt the same ex-
pressions and parameters of time-like form factor for the
ρ(770)0 and ρ(1450)0 components in Eq. (4), but add a
5phase θK between these two components, namely
F
ρ(770+1450)
K
=
1
2
[
cKρ(770)GSρ(770) + e
iθK cKρ(1450)GSρ(1450)
]
. (18)
When θK = 1.3π, we find the largest interferential
branching fraction, with B ≈ 3.64 × 10−7 for the
(ρ(770)0 + ρ(1450)0) → K+K− of the B± → π±K+K−
decays. The differential branching fraction curves for
B± → π±(ρ(770)0 + ρ(1450)0) → π±K+K− with θK =
{0, 0.5π, π, 1.3π, 1.5π} are shown in the Fig. 3, the red
solid line is corresponding to θK = 1.3π.
The resonance ω(782), different from ρ(770), has a nar-
row full width Γ = 8.49± 0.08 MeV. In spite of the rela-
tion gω(782)K+K− = gρ(770)0K+K− [44], one can expect a
small contribution from the tail of ω(782) for the K+K−
in the B± → π±K+K− decays. As a result, we pre-
dict the branching fraction to be Bv ≈ 2.32 × 10−8 for
the decay B+ → π+ω(782)→ π+K+K−, which is much
smaller than the branching fractions for the decaysB± →
π±K+K− with the subprocesses ρ(770)0 → K+K− and
ρ(1450)0 → K+K−. The excited state ρ(1700)0 has been
studied in the quasi-two-body decays in PQCD approach
with ρ(1700)0 → π+π− [40, 42]. With the Eq. (16)
and the relation gρK+K− ≈ 12gρpi+pi− but the replace-
ment ρ(1450)0 → ρ(1700)0, we estimate the ratio be-
tween the branching fractions of ρ(1700)0 → K+K− and
ρ(1700)0 → π+π− as
Rρ(1700) =
B(ρ(1700)0 → K+K−)
B(ρ(1700)0 → π+π−)
≈
g2ρ(1700)0K+K−(m
2
ρ(1700) − 4m2K)3/2
g2ρ(1700)0pi+pi−(m
2
ρ(1700) − 4m2pi)3/2
= 0.143, (19)
with mρ(1700) = 1.72 GeV [10]. In consideration
of the B = 2.81+0.63−0.66 × 10−7 in [40] for the decay
B+ → π+ρ(1700)0 → π+π+π−, one could expect a
branching fraction B ≈ 4.02+0.90−0.94 × 10−8 for the de-
cay B+ → π+ρ(1700)0 with the subprocess ρ(1700)0 →
K+K−, which is close to half of the contribution from
ρ(1450)0 → K+K−. Then we have about 5% of the
total branching fraction, but still much less than the
(30.7 ± 1.2 ± 0.9)% from LHCb [9], of the three-body
decays B± → π±K+K− from the resonances ρ(770)0,
ρ(1450)0 and ρ(1700)0 when neglecting the interferences
between them.
IV. SUMMARY
We analyzed the quasi-two-body decays B+ →
π+ρ(770, 1450)0 → π+K+K− in the PQCD approach.
Our results and analyses do not support that large
branching fraction contributed by the resonance ρ(1450)0
for the decays B± → π±K+K−. The predictions of
the branching fractions are B = (8.96 ± 2.61) × 10−8
and Bv = (1.31 ± 0.27) × 10−7 for the quasi-two-body
decays with the subprocesses ρ(1450)0 → K+K− and
ρ(770)0 → K+K−, respectively.
The virtual contribution from the BW tail of ρ(770)0
for K+K−, which has not been taken into the decay am-
plitudes of the charmless three-body B meson decays in-
volving kaon pair, was found about 1.5 times of the con-
tribution from the resonance ρ(1450)0 in this work, and
is roughly 2.5% of the total branching fraction for the
three-body decays B± → π±K+K−.
There is a bump, which is generated by the tail of
the BW formula and the phase space factors, at about
1.35 GeV of the invariant mass of kaon pair for B± →
π±ρ(770)0 → π±K+K−. This bump will disappear and
the enhancement round 1.4 GeV will be the result when
we investigated the total contributions from ρ(1450)0 to-
gether with ρ(770)0. This means that the absence of
ρ(770)0 → K+K− in the decay amplitude of a three-
body B decays could probably result in a larger propor-
tion for the resonance ρ(1450)0 in experimental ampli-
tude analysis.
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